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GENERAL SCHWARZ LEMMATA AND THEIR APPLICATIONS
LEI NI
Abstract. We prove estimates interpolating the Schwarz Lemmata of Royden-Yau and
the ones recently established by the author. These more flexible estimates provide ad-
ditional information on (algebraic) geometric aspects of compact Ka¨hler manifolds with
nonnegative holomorphic sectional curvature, nonnegative Ricℓ or positive Sℓ.
Dedicated to Professor Luen-Fai Tam on the occasion of his 70th birthday.
1. Introduction
There are many generalizations of the classical Schwarz Lemma on holomorphic maps
between unit balls via the work of Ahlfors, Chen-Cheng-Look, Lu, Mok-Yau, Royden, Yau,
etc (see [10] and [23, 28] and references therein). The one obtained by Royden [23] states:
Theorem 1.1. Let f : Mm → Nn be a holomorphic map. Assume that the holomor-
phic sectional curvature of N , H(Y ) ≤ −κ|Y |4, ∀Y ∈ T ′N and the Ricci curvature of M ,
RicM (X,X) ≥ −K|X |2, ∀X ∈ T ′M with κ,K > 0. Let d = dim(f(M)). Then
‖∂f‖2(x) ≤ 2d
d+ 1
K
κ
. (1.1)
In [17] the author proved a new version which only involves the holomorphic sectional
curvature of domain and target manifolds. Recall that for the tangent map ∂f : T ′xM →
T ′f(x)N we define its maximum norm square to be
‖∂f‖20(x) + sup
v 6=0
|∂f(v)|2
|v|2 . (1.2)
Theorem 1.2. Let (M, g) be a complete Ka¨hler manifold such that the holomorphic sectional
curvature HM (X)/|X |4 ≥ −K for some K ≥ 0. Let (Nn, h) be a Ka¨hler manifold such that
HN(Y ) < −κ|Y |4 for some κ > 0. Let f :M → N be a holomorphic map. Then
‖∂f‖20(x) ≤
K
κ
, ∀x ∈M, (1.3)
provided that the bisectional curvature of M is bounded from below if M is not compact. In
particular, if K = 0, any holomorphic map f :M → N must be a constant map.
The assumption on the bisectional curvature lower bound can be replaced with the exis-
tence of an exhaustion function ρ(x) which satisfies that
lim sup
ρ→∞
( |∂ρ|+ [√−1∂∂¯ρ]+
ρ
)
= 0. (1.4)
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The proof uses a viscosity consideration from PDE theory. It is also reminiscent of Pogorelov’s
Lemma [22] (cf. Lemma 4.1.1 of [7]) for Monge-Ampe`re equation, since the maximum eigen-
value of∇2u is the ‖·‖0 for the normal map∇u for any smooth u. A consequence of Theorem
1.2 asserts that the equivalence of the negative amplitude of the holomorphic sectional cur-
vature implies the equivalence of the metrics. Namely if Mm admits two Ka¨hler metrics g1
and g2 satisfying that
−L1|X |4g1 ≤ Hg1(X) ≤ −U1|X |4g1 , −L2|X |4g2 ≤ Hg2(X) ≤ −U2|X |4g2
then for any v ∈ T ′xM we have the estimates:
|v|2g2 ≤
L1
U2
|v|2g1 ; |v|2g1 ≤
L2
U1
|v|2g2 .
This result can be viewed as a stability statement of the classical result asserting that a
complete Ka¨hler manifold with the negative constant holomorphic sectional curvature must
be a quotient of the complex hyperbolic space form. Motivated by Rauch’s work which
induces much work towards the 1/4-pinching theorem and, the above stability of Ka¨hler
metrics it is natural to ask whether or not a Ka¨hler manifold M with its homomorphic
sectional curvature being close to −1 is biholomorphic to a quotient of the complex hyperbolic
space. Besides the Liouville type theorem for holomorphic maps into manifolds with negative
holomorphic sectional curvature, we shall show in Section 5 further implications of this
estimate towards the structure of the fundamental groups of manifolds with nonnegative
holomorphic sectional curvature.
Before we state another recent result of the author we first recall some basic notions from
Grassmann algebra [5, 26]. Let Cm be a complex Hermitian space (later we will identify the
holomorphic tangent spaces T ′xM and T
′
f(x)N with C
m and Cn). Let ∧ℓCm be the spaces
of ℓ-multi-vectors {v1 ∧ · · · ∧ vℓ} with vi ∈ Cm. For a = v1 ∧ · · · ∧ vℓ,b = w1 ∧ · · ·wℓ, the
inner product can be defined as 〈a,b〉 = det(〈vi, w¯j〉). This endows ∧ℓCn an Hermitian
structure, hence a norm | · |. There are also other norms, such as the mass and the comass,
which shall be denoted as | · |0 as in [26], and could be useful for some problems. We
refer [26] Sections 13, 14 for detailed discussions. Assume that f : (Mm, g) → (Nn, h) is
a holomorphic map between two Ka¨hler manifolds. Let ∂f : T ′M → T ′N be the tangent
map. Let Λℓ∂f : ∧ℓT ′xM → ∧ℓT ′f(x)N be the associated map defined as Λℓ∂f(v1∧· · ·∧vℓ) =
∂f(v1) ∧ · · · ∧ ∂f(vℓ). Define ‖ · ‖0 as
‖Λℓ∂f‖0(x) + sup
a=v1∧···∧vℓ 6=0,a∈∧ℓT ′xM
|Λℓ∂f(a)|
|a| .
The notion ‖ · ‖0 is adapted to be consistent with the comass notion in [26]. By the singular
value decomposition, we may choose normal coordinates centered at x0 and f(x0) such
that at x0, df
(
∂
∂zα
)
= λαδiα
∂
∂wi . If we order {λα} such that |λ1| ≥ |λ2| ≥ · · · ≥ |λm|,
‖Λℓ∂f‖0(x0) = |λ1 · · ·λℓ|. It is also easy to see that ‖∂f‖2 + gαβ¯hij¯ ∂f
i
∂zα
∂fj
∂zβ
=
∑m
α=1 |λα|2.
The following was proved in Corollary 3.4 of [17].
Theorem 1.3. Let f :Mm → Nn (m ≤ n) be a holomorphic map with M being a complete
manifold. Assume that RicM is bounded from below and the scalar curvature SM (x) ≥ −K.
Assume further that RicNm(x) ≤ −κ < 0. Then we have the estimate
‖Λm∂f‖20(x) ≤
(
K
mκ
)m
.
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Here recall that in [17] Ric(x,Σ) is defined as the Ricci curvature of the curvature tensor re-
stricted to the k-dimensional subspace Σ ⊂ T ′xM . Precisely for any v ∈ Σ, Ric(x,Σ)(v, v¯) +∑k
i=1 R(Ei, Ei, v, v¯) with {Ei} being a unitary basis of Σ. We say that Rick(x) < 0 if
Ric(x,Σ) < 0 for every k-dimensional subspace Σ. Clearly Rick(x) < 0 implies that
Sk(x) < 0, and it coincides with H when k = 1, with the Ricci curvature Ric when
k = dim(N). Here Sk(x,Σ) is defined to be the scalar curvature of the curvature oper-
ator restricted to Σ ⊂ T ′xN . One can refer to [17, 18, 21] for the definitions and related
results on the geometric significance of Ricℓ and Sℓ.
Note that Theorem 1.3 has at least two limits in studying the holomporphic maps. The
first it applies only to the case that dim(N), the dimension of the target manifold is at
least as big as the dimension of the domain. The second limit is that it can only be applied
to detect whether or not the map is full-dimensional, namely dim(f(M)) = dim(M) or
not. The first goal of this paper is to prove a family of estimates for holomorphic maps
between Ka¨hler manifolds containing the above three results as special cases. The result
below removes the above mentioned constraints of Theorem 1.3.
Theorem 1.4. Let f :Mm → Nn be a holomorphic map with M being a complete manifold.
When M is noncompact assume either the bisectional curvature is bounded from below or
(1.4) holds for some exhaustion function ρ. Let ℓ ≤ dim(M) be a positive integer.
(i) Assume that the holomorphic sectional curvature of N , HN(Y ) ≤ −κ|Y |4 and M has,
RicMℓ ≥ −K, for some K ≥ 0, κ > 0. Then
σℓ(x) ≤ 2ℓ
′
ℓ′ + 1
K
κ
where σℓ(x) =
∑ℓ
α=1 |λα|2(x), and ℓ′ = min{ℓ, dim(f(M))}. In particular, if K = 0, the
map f must be a constant.
(ii) Assume that SMℓ (x) ≥ −K and that RicNℓ (x) ≤ −κ for some K ≥ 0, κ > 0. Then
‖Λℓ∂f‖20(x) ≤
(
K
ℓκ
)ℓ
.
In particular, if K = 0, the map f has rank smaller than ℓ.
Note that part (i) above recovers Theorem 1.1 for ℓ = dim(M), and recovers Theorem
1.2 for ℓ = 1. Hence it provides a family of estimates interpolating between Theorem 1.1
and 1.2. Similarly part (ii) recovers Theorem 1.3 when ℓ = dim(M), and recovers Theorem
1.2 for ℓ = 1, noting that in the case ℓ = dim(M), the assumption on the lower bound of
bisectional curvature can be weakened to a lower bound of the Ricci curvature (from the
proof this is obvious). Hence part (ii) provides a family of estimates interpolating between
Theorem 1.2 and 1.3. Part (ii) also implies that any Ka¨hler manifold with Ricℓ ≤ −κ < 0
must be ℓ-hyperbolic, a result proved in [17]. Moreover it can also be applied to M with
dim(M) > ℓ or even dim(M) > dim(N) concluding more detailed degeneracy information
of the map, re-enforcing the relationship between the ℓ dimensional “holomorphic” area of
N and the RicNℓ .
The proof of the result (in Section 4) is built upon extensions of ∂∂¯-Bochner formulae
of [17], which are proved in Section 3 after some preliminaries in Section 2. In Section 5
we show that the estimates can be used to rule out the existence of certain holomorphic
mappings under some curvature conditions (cf. Theorem 5.1). In particular Theorem 1.2
(cf. Corollary 5.4 of [17]) implies that if a compact Ka¨hler manifold (M, g) has H ≥ 0, then
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there is no onto homomorphism from its fundamental group to the fundamental group of
any oriented Riemann surface (complex curve) of genus greater than one. The more flexible
Theorem 1.4 extends this statement to include all Ka¨hler manifolds with Ricℓ ≥ 0 (for
some ℓ ∈ {1, · · · ,m}). Note that a similar statement was proved for Riemannian manifold
with positive isotropic curvature in [6]. In [25, 18] it was proved that if the holomorphic
sectional curvature H > 0 or more generally Ricℓ > 0 then π1(M) = {0}. The result here
provides some information for the nonnegative case. Note that the examples in [8] indicate
that the class of Ka¨hler manifolds with H > 0 (most of them are not Fano) seems to be
much larger than that with Ric > 0. There has been very little known for manifold M with
H ≥ 0 (or Ricℓ ≥ 0 for ℓ < dim(M)) comparing with the situation for compact manifolds
with Ric ≥ 0. In fact when M is a compact Ka¨hler manifold with nonnegative bisectional
curvature, Mok’s classification result [14] implies that the fundamental group π1(M) must
be a Bieberbach one. In Corollary 5.1 of [19] a paper by Tam and the author, this was
extended (as a result of F. Zheng) to the case when M is a non-compact complete Ka¨hler
manifold, but under the nonnegativity of sectional curvature. For compact Riemannian
manifolds with nonnegative Ricci curvature Cheeger-Gromoll [4] proved that π1(M) must
be a finite extension of a Bieberbach group. Could this be proven for a compact Ka¨hler
manifold with Ricℓ ≥ 0 with ℓ < dim(M)? Note that such a statement can not be possibly
true for Ka¨hler manifold with B⊥ ≥ 0 (hence nor with Ric⊥ ≥ 0). In a recent preprint [15],
the question has been answered positively for H ≥ 0, assuming additionally that M is a
projective variety. Given that there are many non-algebraic Ka¨hler manifolds with H ≥ 0,
our result for general Ka¨hler manifolds is not contained in [15].
In [1], two invariants were defined for a Ka¨hler manifold M . One is the so-called Albanese
dimension a(M) + dimC(Alb(M)) (we use the complex dimension instead), the dimension
of the image of the Albanese map Alb :M → Cdim(H1,0(M))/H1(M,Z). The other invariant
is the genus of M , g(M) which is defined as the maximal dim(U) with U being an isotropic
subspace of H1(M,C). The above consequence of Theorem 5.1 can be rephrased as that
for M with HM (X) ≥ 0, or more generally Ricℓ ≥ 0, we must have g(M) ≤ 1. The same
conclusion is obtained in Section 6 for Ka¨hler manifoldM with the Picard number ρ(M) = 1
and S2 > 0, or h
1,1(M) = 1. A corollary of Theorem 5.1 concludes that if SMℓ > 0, then
a(M) ≤ ℓ− 1. ( This is also a consequence of the vanishing theorem proved in [21].) These
results endow the curvature Ricℓ and Sℓ some algebraic geometric/topological implications.
In Section 5 we also illustrate that the C2-estimate for the complex Monge-Ampe`re equa-
tion is a special case of our computation in Section 3. In Section 6 we derive some estimates
on the minimal “energy” needed for a non-constant holomorphic map between certain Ka¨hler
manifolds extending earlier results in [17].
2. Preliminaries
We collect some needed algebraic results. For holomorphic map f : (Mm, g) → (Nn, h),
let ∂f( ∂∂zα ) =
∑n
i=1 f
i
α
∂
∂wi with respect to local coordinates (z
1, · · · , zm) and (w1, · · · , wn).
The Hermitian form Aαβ¯dz
α∧dzβ¯ with Aαβ¯ = f iαf jβhij¯ is the pull-back of Ka¨hler form ωh via
f . By the singular value decomposition for x0 ∈ M and f(x0) ∈ N we may choose normal
coordinates centered at x0 and f(x0) such that ∂f(
∂
∂zα ) = λαδ
i
α
∂
∂wi . Then |λα| are the
singular values of ∂f : (T ′x0M, g) → (T ′f(x0)N, h). It is easy to see that |λ1|2 ≥ · · · ≥ |λm|2
are the eigenvalues of A (with respect to g).
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Proposition 2.1. For any 1 ≤ ℓ ≤ m the following holds
σℓ +
ℓ∑
α=1
|λα|2 ≥
∑
1≤α,β≤ℓ
gαβ¯Aαβ¯ + Uℓ.
Proof. Arguing invariantly we choose unitary basis of T ′x0M with respect to g. Then the
left hand side is the partial sum of the eigenvalues of A in descending order, and the right
hand side is the trace of the first ℓ × ℓ block of (Aαβ¯). Hence the result is well-known (cf.
[9], Corollary 4.3.34). 
For a linear map L : Cm → Cn between two Hermitian linear spaces, ΛℓL : ∧ℓCm → ∧ℓCn
is define as the linear extension of the action on simple vectors: ΛℓL(a) + L(v1)∧· · ·∧L(vℓ)
with a = v1 ∧ · · · ∧ vℓ. The metric on ∧ℓCm is defined as 〈a,b〉 = det(〈vi, w¯j〉). If {eα} is a
unitary frame of Cm, the {eλ}, with λ = (α1, · · · , αℓ), α1 ≤ · · · ≤ αℓ, being the multi-index,
and eλ = eα1 ∧ · · · ∧ eαℓ , is a unitary frame for ∧ℓCm. The Binet-Cauchy formula implies
that this is consistent with the Hermitian product 〈a,b〉 defined in the previous section.
The norm ‖ΛℓL‖0 is the operator norm with respect to the Hermitian structures of ∧ℓCm
and ∧ℓCm defined above, which equals to the Jacobian of a Lipschitz map f , when ℓ = m
or n, applying to L = ∂f (cf. Section 3.1 of [5]).
For the local Hermitian matrices A = (Aαβ¯) and G = (gαβ¯) we denote Aℓ and Gℓ be the
upper-left ℓ× ℓ blocks of them.
Proposition 2.2. For any 1 ≤ ℓ ≤ m the following holds:
‖Λℓ∂f‖20 = Πℓα=1|λα|2 ≥
det(Aℓ)
det(Gℓ)
+Wℓ; (2.1)
Proof. For the inequality in (2.1), as in the above proposition we may choose a unitary frame
of T ′x0M such that G = id. Then the claimed result is also a well-known statement about
the partial products of the descending eigenvalues. The result can be seen by applying 4.1.6
of [13] to (A+ ǫG)−1 and let ǫ→ 0 (see also Problem 4.3.P15 of [9]).
For the equality (2.1), first observe that
‖Λℓ∂f‖20(x) ≥
|∂f (v1) ∧ · · · ∧ ∂f (vℓ) |2
|v1 ∧ · · · ∧ vℓ|2 = Π
ℓ
α=1|λα|2
if {vα} are the eigenvectors of A with eigenvalues {|λα|2}. On the other hand for general
orthonormal vectors {vα}, the above paragraph implies |∂f(v1)∧···∧∂f(vℓ)|
2
|v1∧···∧vℓ|2 ≤ Πℓα=1|λα|2.
Combining them we have the equality in (2.1). 
3. ∂∂¯-Bochner formulae
Here we generalize the ∂∂¯-Bochner formula derived in [17] on ‖∂f‖2 and ‖Λm∂f‖20 to σℓ
and ‖Λℓ∂f‖20. Since both σℓ(x) and ‖Λℓ∂f‖20(x) are only continous in general we first derive
formula on their barriers supplied by Proposition 2.1, 2.2.
Proposition 3.1. Under the normal coordinates near x0 and f(x0) such that ∂f(
∂
∂zα ) =
λαδ
i
α
∂
∂wi with |λ1| ≥ · · · ≥ |λα| ≥ · · · ≥ |λm| being the singular values of ∂f : (T ′x0M, g) →
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(T ′f(x0)N, h), let Uℓ(x) and Wℓ(x) be the functions defined in the last section in a small
neighborhood of x0. Then at x0, for v ∈ T ′x0M , and nonzero Uℓ and Wℓ,
〈√−1∂∂¯ logUℓ, 1√−1v ∧ v¯〉 =
Uℓ
∑
1≤i≤n,1≤α≤ℓ |f iαv|2 − |
∑ℓ
α=1 λαf
α
αv|2
U2ℓ
(3.1)
+
ℓ∑
α=1
|λα|2
Uℓ
(−RN(α, α¯, ∂f(v), ∂f(v)) +RM (α, α¯, v, v¯));
〈√−1∂∂¯ logWℓ, 1√−1v ∧ v¯〉 =
ℓ∑
α=1
∑
ℓ+1≤i≤n
|f iαv|2
|λα|2 (3.2)
+
ℓ∑
α=1
(−RN(α, α¯, ∂f(v), ∂f(v)) +RM (α, α¯, v, v¯)).
Proof. The calculation is similar to that of [17]. Here we include the details of the first.
Choose holomorphic normal coordinate (z1, z2, · · · , zm) near a point p on the domain mani-
foldM , correspondingly (w1, w2, · · · , wn) near f(p) in the target. Let ωg =
√−1gaβ¯dzα∧dz¯β
and ωh =
√−1hij¯dwi∧dw¯j be the Ka¨hler forms ofM and N respectively. Correspondingly,
the Christoffel symbols are given
MΓβαγ =
∂gαδ¯
∂zγ
gδ¯β = Γβγα;
NΓjik =
∂hil¯
∂wk
hl¯k = Γjki.
We always uses Einstein’s convention when there is an repeated index. The symmetry in
the Christoffel symbols is due to Ka¨hlerity. If the appearance of the indices can distinguish
the manifolds we omit the superscripts M and N . Correspondingly the curvatures are given
by
MRβ
αδ¯γ
= − ∂
∂z¯δ
Γβαγ ;
NRj
il¯k
= − ∂
∂w¯l
Γjik.
At the points x0 and f(x0), where the normal coordinates are centered we have that
Rβ¯αδ¯γ = −
∂2gβ¯α
∂zγ∂z¯δ
; Rj¯il¯k = −
∂2hj¯i
∂wk∂w¯l
.
Direct calculation shows that at the point x0 (here repeated indices α, β are summed from
1 to ℓ, while i, j, k, l are summed from 1 to n)
(logUℓ)γ =
gαβ¯,γAαβ¯ + g
αβ¯f iαγhij¯f
j
β + g
αβ¯f iαf
j
βf
k
γ hij¯,k
Uℓ
=
f iαγf
i
α
Uℓ
;
(logUℓ)γ¯ =
gαβ¯,γ¯Aαβ¯ + g
αβ¯f iαhij¯f
j
βγ + g
αβ¯f iαf
j
βf
k
γ hij¯,k¯
Uℓ
=
f iαγf
i
α
Uℓ
;
(logUℓ)γγ¯ =
RM
αβ¯γγ¯
f iαf
i
β + |f iαγ |2 −RNij¯kl¯f iαf
j
βf
k
γ f
l
γ
Uℓ
− |
∑
1≤α≤ℓ;1≤i≤n f
i
αγf
i
α|2
U2ℓ
.
The claimed equation then follows. 
Corollary 3.1. Let f :M → N be a holomorphic map between two Ka¨hler manifolds.
(i) If the bisectional curvature of N is non-positive and the bisectional curvature of M is
nonnegative, then log σℓ(x) is a plurisubharmonic function.
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(ii) Assume that RicNℓ ≤ 0 and RicMℓ ≥ 0. If ‖Λℓ∂f‖20 not identically zero, then for every
x, there exists a Σ ⊂ T ′xM with dim(Σ) ≥ ℓ such that log ‖Λℓ∂f‖20(x) is plurisubharmonic
on Σ.
4. Proof of Theorem 1.4
Since in general σℓ and ‖Λℓ∂f‖0 are not smooth we adopt the viscosity consideration as in
Section 5 of [17] to prove the result. We also need to modify the algebraic argument in the
Appendix of [17] for some point-wise estimates needed. Another difference of the argument
is that we shall apply the maximum principle to a degenerate operator. First we need a
Royden type lemma.
Lemma 4.1. If the holomorphic sectional curvature RN has a upper bound −κ, with respect
to the normal coordinates as in Proposition 2.1 at x0 (and f(x0)),∑
1≤α,β,γ,δ≤ℓ
gαβ¯gγδ¯RNij¯kl¯f
i
αf
j
βf
k
γ f
l
δ ≤ −
ℓ′ + 1
2ℓ′
κU2ℓ , when κ > 0; ≤ −κU2ℓ when κ ≤ 0.
Here ℓ′ = min{ℓ, dim(f(M))}.
Proof. We follow the argument in Appendix of [17], which is due to F. Zheng. The left hand
side can be written as
∑
1≤α,β≤ℓ′ R
N
αα¯ββ¯
|λα|2|λβ |2. In the space
Σ + span{∂f
(
∂
∂z1
)
, · · · , ∂f
(
∂
∂zℓ′
)
},
consider the vector Y =
∑
1≤i≤ℓ′ w
iλi
∂
∂wi with (w
1, · · · , wℓ′) ∈ S2ℓ′−1 ⊂ Σ. Then direct
calculations show that∑
1≤α,β≤ℓ′
RNαα¯ββ¯|λα|2|λβ |2 =
ℓ′(ℓ′ + 1)
2
· 1
V ol(S2ℓ′−1)
∫
S2ℓ
′
−1
RN (Y, Y , Y, Y )
≤ −κℓ
′(ℓ′ + 1)
2
· 1
V ol(S2ℓ′−1)
∫
S2ℓ
′
−1
|Y |4
=
−κ
2
U2ℓ + ∑
1≤α≤ℓ′
|λα|4
 .
The result follows from elementary inequalities
∑
1≤α≤ℓ′ |λα|4 ≤ U2ℓ ≤ ℓ′
∑
1≤α≤ℓ′ |λα|4. 
To prove part (i), let η(t) : [0,+∞) → [0, 1] be a function supported in [0, 1] with η′ = 0
on [0, 12 ], η
′ ≤ 0, |η′|2η + (−η′′) ≤ C1. The construction of such η is elementary. Let
ϕR(x) = η(
r(x)
R ). When the meaning is clear we omit subscript R in ϕR. Clearly σℓ · ϕ
attains a maximum somewhere at x0 in Bp(R). With respect to the normal coordinates near
x0 and f(x0), (Uℓϕ)(x0) = (σϕ)(x0), and (Uℓϕ)(x) ≤ (σℓϕ)(x) ≤ (σϕ)(x0) ≤ (Uℓϕ)(x0) for
x in the small normal neighborhood. The maximum principle then implies that at x0
∇(Uℓϕ) = 0;
∑
1≤α≤ℓ
1
2
(∇α∇α¯ +∇α¯∇α) log(Uℓϕ) ≤ 0.
Now applying the ∂∂¯ formula (3.1), the above Lemma and the complex Hessian comparison
theorem of Li-Wang [12], together with the argument in [17], imply the result. It is clear
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from the proof that if ℓ = m = dim(M), only the Laplacian comparison theorem is needed.
Hence one only needs to assume that the Ricci curvature of M is bounded from below.
The proof of part (ii) is similar. For the sake of the completeness we include the argument
under the assumption (1.4). In this case we let ϕ = η
(
ρ
R
)
. Now ϕ has support in D(2R) +
{ρ ≤ 2R}. Hence Wℓ · ϕ attains its maximum somewhere, say at x0 ∈ D(2R). Now at x0
we have
0 ≥
ℓ∑
γ=1
∂2
∂zγ∂zγ¯
(log(Wℓ ϕ)) ≥
ℓ∑
α,γ=1
RMαα¯γγ¯ −RNαα¯γγ¯ |λγ |2 +
ℓ∑
γ=1
∂2 logϕ
∂zγ∂zγ¯
≥ −K + ℓ · κ ·W 1/ℓℓ +
η′′
R2ϕ
|∇ρ|2 + ℓη
′
Rϕ
(
[
√−1∂∂¯ρ]+
)− |η′|2
ϕ2R2
· |∇ρ|2
≥ −K + ℓ · κ ·W 1/ℓℓ −
C1
ϕR2
|∇ρ|2 − C1
ϕR
· C(m) ([√−1∂∂¯ρ]+) .
Multiplying ϕ on both sides of the above we have that
sup
D(R)
‖Λℓ∂f‖20(x) ≤
(
K ++ C1ϕR2 |∇ρ|2 + C1ϕR · C(m)
(
[
√−1∂∂¯ρ]+
)
ℓκ
)ℓ
.
The result follows by observing that |∇ρ|
2
R2 ≤ 4|∇ρ|
2
ρ2 → 0 and [
√−1∂∂¯ρ]+
R ≤ 2 [
√−1∂∂¯ρ]+
ρ → 0
as R→∞.
5. Applications
First we show that the Pogorelov type estimate of [17] can be adapted to derive the C2-
estimate for the Monge-Ampe`re equation related to the existence of Ka¨hler-Einstein metrics
and prescribing the Ricci curvature problem. Recall that the geometric problems reduce to
a complex Monge-Ampe`re equation
det(gαβ¯ + ϕαβ¯)
det(gαβ¯)
= etϕ+f
with t ∈ [−1, 1], f being a fixed function with prescribed complex Hessian. g′
αβ¯
= gαβ¯+ϕαβ¯
is another Ka¨hler metric with [ωg′ ] = [ωg]. We apply our previous setting to the map
id : (M, g) → (M, g′). The computation in [2, 27] (See also the exposition in [24]) is on
L‖∂f‖2. By the computation from Section 3 and 4, at the point where ‖∂ id ‖20 is attained
we have that
0 ≥ ∂
2
∂zγ∂z¯γ
log(1 + ϕ11¯) ≥ R11¯γγ¯ −R′11¯γγ¯ (1 + ϕγγ¯) .
Here R′ is the curvature of g′ and |λγ |2 = 1 + ϕγγ¯ . Since we do not have information on
R′ in general, but only Ricg
′
( ∂∂z1 ,
∂
∂z¯1 ) = Ric
g
11¯
−tϕ11¯ − f11¯, we multiply 11+ϕγγ¯ on the both
sides of the above inequality and then sum γ from 1 to m arriving at
0 ≥
m∑
γ=1
1
1 + ϕγγ¯
Rg
11¯γγ¯
− Ric
g
11¯
1 + ϕ11¯
+ t
ϕ11¯
1 + ϕ11¯
+
f11¯
1 + ϕ11¯
≥ −C(M, g, f)
m∑
γ=1
1
1 + ϕγγ¯
− 1.
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Now we apply/repeat the same consideration/calculation to Q + log σ1− (C(M, g, f)+1)ϕ.
Then at the point x0, where Q attains its maximum, we have that
0 ≥ −C(M, g, f)
m∑
γ=1
1
1 + ϕγγ¯
− (C(M, g, f) + 2) + (C(M, g, f) + 1)
m∑
γ=1
1
1 + ϕγγ¯
,
which then implies that
m∑
γ=1
1
1 + ϕγγ¯
≤ C(M, g, f) + 2.
This implies that at the maximum point of σ1e
−(C(M,g,f)+1)ϕ,
σ1e
−(C(M,g,f)+1)ϕ = σ1
ωmg
ωmg′
etϕ+fe−(C(M,g,f)+1)ϕ
≤
(
1
m− 1
m∑
γ=2
1
1 + ϕγγ¯
)m−1
etϕ+fe−(C(M,g,f)+1)ϕ
≤
(
C(M, g, f) + 2
m− 1
)m−1
etϕ+fe−(C(M,g,f)+1)ϕ.
If we write K =
(
C(M,g,f)+2
m−1
)m−1
, κ = C(M, g, f) + 2, the above implies
1 + ϕγγ¯(x) ≤ σ1(x) ≤ Keκ(ϕ(x)−ϕ(x0))etϕ(x0)+f(x0), ∀γ ∈ {1, · · · ,m}. (5.1)
As mentioned in the introduction, Theorem 1.4 removes the constrains that dim(M) ≤
dim(N) in the previous results proved in [17]. As in [20] we denote by B⊥ the orthog-
onal bisectional curvature. We say B⊥ ≤ κ if for any X,Y ∈ T ′N with 〈X,Y 〉 = 0,
R(X, X¯, Y, Y¯ ) ≤ κ|X |2|Y |2. The following is a corollary of the proof Theorem 1.4.
Theorem 5.1. Let f : (M, g)→ (N, h) be a holomorphic map.
(i) Assume that M is compact. Under the assumptions either RicMℓ > 0, and the holomor-
phic sectional curvature HN ≤ 0, or RicMℓ ≥ 0 and HN < 0, f must be constant. The same
result also holds if (BM )⊥ > 0 and (BN )⊥ ≤ 0 or (BM )⊥ ≥ 0 and (BN )⊥ < 0.
(ii) If M is compact with SMℓ ≥ 0 and RicNℓ < 0, or SMℓ > 0, RicNℓ ≤ 0 then dim(f(M)) <
ℓ. The same result holds if RicMℓ ≥ 0 and SNℓ < 0, or RicMℓ > 0 and SNℓ ≤ 0.
Proof. SinceM is compact σℓ attains a maximum somewhere, say at x0. If f is not constant,
σℓ(x0) > 0. Applying (3.1), using the normal coordinates around x0 and f(x0) specified as
in the last two sections we have that
0 ≥
ℓ∑
γ=1
∂2
∂zγ , ∂z¯γ
(logUℓ) ≥
∑
1≤α,γ≤ℓ
−RNαα¯γγ¯ |λα|2|λγ |2
Uℓ
+
ℓ∑
α=1
RicM (x0,Σ)(α, α¯)|λα|2
Uℓ
.
Here Σ = span{ ∂∂z1 , · · · , ∂∂zℓ }. By Lemma 4.1, if HN < 0, the first term is positive, the
second one is nonnegative since RicMℓ ≥ 0. Hence a contradiction. From the proof, the same
holds if HN ≤ 0 and RicMℓ > 0. For the case concerning B⊥ the proof is similar.
For (ii), if rank(f) ≥ ℓ, ‖Λℓ∂f‖0 has a nonzero maximum somewhere, say at x0. Then
applying (3.2), using the normal coordinates around x0 and f(x0) specified as in the last
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two sections we have that
0 ≥
ℓ∑
γ=1
∂2
∂zγ , ∂z¯γ
(logWℓ) ≥
∑
1≤γ≤ℓ
(−RicNℓ (x0,Σ)|λγ |2) + ScalM (x0,Σ).
This leads to a contradiction under the assumptions either SMℓ ≥ 0 and RicNℓ < 0, or
SMℓ > 0, Ric
N
ℓ ≤ 0. For the second part, we introduce the operator:
Lℓ =
ℓ∑
γ=1
1
2|λγ |2 (∇γ∇γ¯ +∇γ¯∇γ) .
Since at x0 Wℓ 6= 0, the above operator is well defined in a small neighborhood of x0. As
before applying L at x0 implies that
0 ≥ Lℓ (logWℓ) ≥ (− ScalN (x0, ∂f(Σ)) +
∑
1≤γ≤ℓ
RicM (x0,Σ)(γ, γ¯)
|λγ |2 .
The above also induces a contradiction under either RicMℓ ≥ 0 and SNℓ < 0, or RicMℓ > 0
and SNℓ ≤ 0. 
This can be combined with the following result of Siu-Beauville (cf. Theorem 1.5 of [1])
to infer information regarding the fundamental group of the manifolds with Ricℓ ≥ 0.
Theorem 5.2 (Siu-Beauville). LetM be a compact Ka¨hler manifold. There exists a compact
Riemann surface Cg of genus greater than one and a surjective holomorphic map f :M → C′
with g(C′) ≥ g(C) with connected fibers if and only if there exists a surjective homomorphism
h : π1(M)→ π1(Cg).
Corollary 5.3. (i) Let (M, g) be a compact Ka¨hler manifold with Ricℓ ≥ 0 for some 1 ≤
ℓ ≤ m. Then there exists no surjective homomorphism h : π1(M)→ π1(Cg). Furthermore,
there is no subspace V ⊂ H1(M,C) with ∧2V = 0 in H2(M,C) and dim(V ) ≥ 2. Namely
g(M) ≤ 1. Similarly, if Ricℓ ≥ 0, π1(M) can not be of the type of an amalgamated product
Γ1 ∗∆ Γ2 with the index of ∆ in Γ1 greater than one and index of ∆ in Γ2 greater than two.
(ii) Let (M, g) be a compact Ka¨hler manifold with SMℓ > 0 for some 1 ≤ ℓ ≤ m. Then
a(M) ≤ ℓ− 1.
(iii) If SMn ≥ 0, then any harmonic map f : M → N with N being a locally Hermitian
symmetric space, can not have rank(f) = dim(N).
Proof. The first part of (i) follows from part (i) of Theorem 5.1. Namely apply it to N = Cg
and combine it with the above Siu-Beauville’s result. The second part follows by combining
Theorem 5.1 with Theorem 1.4 of [1] due to Catanese (cf. Theorem 1.10 of [3]). For the
second part involving the amalgamated product, apply Theorem 6.27 of [1], namely a result
of Gromov-Schoen below instead, to conclude that there exists an equivariant holomorphic
map from M˜ into the Poincare´ disk. This induce a contradiction with part (i) of Theorem
5.1 since the maximum principle argument still applies (see also [16]). The statement of (ii)
is an easy consequence of part (ii) of Theorem 5.1.
For part (iii), by Siu’s result on the holomorphicity of the harmonic maps between Ka¨hler
manifolds, namely Theorem 6.13 of [1], any such a harmonic map must be holomorphic.
Then part (ii) of Theorem 5.1 induces a contradiction noting that the canonical metric on
N is Ka¨hler-Einstein with negative Einstein constant. 
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Theorem 5.4 (Gromov-Schoen). Let M be a compact Ka¨hler manifold with fundamental
group Γ = Γ1 ∗∆ Γ2 with the index of ∆ in Γ1 greater than one and index of ∆ in Γ2 greater
than two. Then there exists a representation ρ : π1(M)→ Aut(D), where D = {z | |z| = 1},
with discrete cocompact image, and a holomorphic equivariant map from the universal cover
M˜ → D, which also descends to a surjective map M → ρ(Γ)/D.
In fact the vanishing theorem of [21] implies that for Ka¨hler manifolds with Sℓ > 0, there
does not exist a k-wedge subspace in H1,0 (in the sense of [3]) for any k ≥ ℓ. Moreover,
such manifolds have to be Albanese primitive for k ≥ ℓ.
For noncompact manifolds, Theorem 1.3 and Theorem 1.4 can also be applied, together
with Theorem 4.14 and 4.28 of [1], to infer some restriction on Ka¨hler manifolds with
nonnegative holomorphic sectional curvature or with Ricℓ ≥ 0.
Corollary 5.5. Assume that M is a complete Ka¨hler manifold with bounded geometry with
RicMℓ ≥ 0. Then (i) H1(M,C) = {0} implies that H1L2(M) = {0};
(ii) And dim(H1L2,ex(M)) ≤ 1.
Here HL2(M) is the space of the harmonic L2-forms and H1L2,ex(M) is the space of the L2
harmonic exact forms. The statements are trivial when M is compact.
6. Mappings from positively curved manifolds
In [20], the orthogonal Ric⊥ was studied. Recall that Ric⊥(X,X) = Ric(X,X)−H(X)/|X |2.
We say Ric⊥ ≥ K if Ric⊥(X,X) ≥ K|X |2. It is easy to see that B⊥ ≥ κ implies that
Ric⊥ ≥ (m − 1)κ. Similar upper estimate also holds if B⊥ is bounded from above. It was
also shown in [20] via explicit examples that B⊥ is independent of the holomorphic sectional
curvature H , as well as the Ricci curvature. Similarly Ric⊥ is independent of Ric, as well as
H . It was proved in [20] that for manifold whose Ric⊥ has a positive lower bound, the man-
ifold is compact with an effective diameter uppper bound. (See [25] for the corresponding
result for holomorphic sectional curvature.) It is not hard to see that for Ka¨hler manifolds
with Ricℓ ≥ K > 0, they must be compact with an upper diameter estimate.
Applying ∂∂¯-Bochner formulae we have the following estimates in the spirit of [17].
Theorem 6.1. (i) Assume that RicMℓ (X,X) ≥ K|X |2, and HN(Y ) ≤ κ|Y |4, with K,κ > 0.
Then for any nonconstant f :M → N
max
x∈M
σℓ(x) ≥ K
κ
.
(ii) Assume that (BM )⊥ ≥ K, and (BN )⊥ ≤ κ, with K,κ > 0. Then for any nonconstant
f :M → N , dim(f(M)) = m. Moreover for any ℓ < dim(M)
max
x∈M
σℓ(x) ≥ ℓK
κ
.
(iii) Assume that RicMℓ ≥ K, and that RicNℓ ≤ κ, with K,κ > 0. Then for any holomorphic
map f :M → N with dim(f(M)) ≥ ℓ
max
x
‖Λℓ∂f‖20(x) ≥
(
K
κ
)ℓ
.
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(iv) Assume that (RicM )⊥ ≥ K, and that (BN )⊥ ≤ κ, with K,κ > 0. Then for any
holomorphic map f :M → N with dim(f(M)) ≥ m− 1, dim(f(M)) = m. Moreover
max
x
‖Λm∂f‖20(x) ≥
(
K
(m− 1)κ
)m
.
In the case dim(M) = dim(N), only (RicN )⊥ ≤ (m− 1)κ is needed. In general (BN )⊥ ≤ κ
can be weakened to (RicNm)
⊥ ≤ (m− 1)κ. Here (RicNℓ )⊥ is the orthogonal Ricci curvature of
the curvature tensor RN restricted to m-dimensional subspaces.
Proof. First observe that under any assumption of the above theorem M is compact. From
Lemma 4.1 and (3.1), part (i) follows. For part (ii), at the point x0 where σℓ(x) attains its
maximum, applying (3.1) to v = ∂∂zm , we have that
0 ≥ −κ|λm|2 +K
which implies that |λm|2 ≥ Kκ . Then claimed estimate follows from σℓ ≥ ℓ|λm|2.
For part (iii), we apply (3.2) at the point x0, where ‖Λℓ∂f‖20(x) attains its maximum. In
particular we apply it to v = ∂∂zℓ and let Σ = span{ ∂∂z1 , · · · , ∂∂zℓ }. Hence at x0
0 ≥ −RicN (x0, f(Σ))|λℓ|2 +RicM (x0,Σ).
Hence we derive that |λℓ|2 ≥ Kκ . The claimed result then follows.
The part (iv) can be proved similarly. 
The part (ii) of the theorem is not as strong as it appears, since B⊥ > 0 implies that
h1,1(M) = 1. On the other hand we have the following observation.
Proposition 6.1. Let M be a Ka¨hler manifold with h1,1(M) = 1. Then any holomorphic
map f :M → N , with dim(f(M)) < dim(M) must be a constant map. Hence g(M) ≤ 1, if
dim(M) ≥ 2. In particular, if the Picard number ρ(M) = 1 and SM2 > 0, any holomorphic
map f :M → N , with dim(f(M)) < dim(M) must be a constant map.
Proof. In fact f∗ωh, with ωh being the Ka¨hler form of N , is a d-closed positive (1, 1)-form.
By the assumption [f∗ωh] proportional to [ωg]. Hence it must be either zero or a positive
multiple of [ωg]. Since the second case implies that dim(f(M)) = m, only the first case can
occur, which implies that f is a constant map.
Note that this implies that for any Ka¨hler manifoldM with dim(M) ≥ 2 and h1,1(M) = 1,
the genus g(M) ≤ 1, in view of the result of Catanese (cf. Theorem 1.10 of [3]) since
otherwise there exists a nonconstant holomorphic map f :M → Cg with Cg being a Riemann
surface of genus g(M). Since the first Chern class map c1 : H
1(M,O∗) → H1,1(M) ∩
H2(M,Z) is onto, and SM2 > 0 implies that H
2(M,C) = H1,1(M), the assumption then
implies h1,1(M) = 1. The last result then follows from the first. 
Taking κ → 0, the part (ii) of Theorem 6.1 also implies that any holomorphic map from
a compact manifold with B⊥ > 0 into one with B⊥ ≤ 0 must be a constant map (cf.
Theorem 5.1). Given that B⊥ is independent of H and Ric, this does not follow from Yau-
Royden’s estimate Theorem 1.1, nor from Theorem 1.2. The part (iv) provides an additional
information on compact Ka¨hler manifolds with Ric⊥ > 0.
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